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Abstract 

This paper concerns n x n linear one-dimensional hyperbolic systems of the type 



dtUj + aj{x)da:Uj + V" bjkix)uk = fj{x, t), j = 1, . . . , n, 

> • 

Qs ' with periodicity conditions in time and reflection boundary conditions in space. We state 

00 , conditions on the data aj and bjk and the reflection coefficients such that the system is Fred- 

^^ ■ holm solvable. Moreover, we state conditions on the data such that for any right hand side 

^^ I there exists exactly one solution, that the solution survives under small perturbations of the 

l/^ ' data, and that the corresponding data-to-solution-map is smooth with respect to appropri- 

^^ I ate function space norms. In particular, those conditions imply that no small denominator 

^— ^ ■ effects occur. 

We show that perturbations of the coefficients aj lead to essentially different results 
than perturbations of the coefficients bjk , in general. Our results cover cases of non-strictly 
hyperbolic systems as well as systems with discontinuous coefficients Uj and bjk, but they 
*"; ^ ' are new even in the case of strict hyperbolicity and of smooth coefficients. 

Keywords: first-order hyperbolic systems, reflection boundary conditions, no small denomi- 
nators, Fredholm alternative, smooth data-to- solution map 

1 Introduction 

1.1 Problem and main results 

This paper concerns linear inhomogeneous hyperbolic systems of first order PDEs in one space 
dimension of the type 

n 

dtUj + aj{x)dxUj + ^ bjk{x)uk = fj{x, t), j = 1, . . . , n, x € (0, 1) (1.1) 

fc=i 

with time-periodicity conditions 

Uj{x,t + 2tt) = Uj{x,t), j = 1, . . . ,n, X £ [0, 1] (1-2) 

and reflection boundary conditions 

n 

Uj{0,t)= ^ r°^ufe(0,t), J = l,...,m, 

k=m+l (-[ Q^ 



Here 1 < m < n are fixed natural numbers, r^^ and rL are real numbers, and the right-hand 
sides fj : [0, 1] X M — > M are supposed to be 27r-periodic with respect to t. 

Roughly speaking, we will prove results of the following type: 

First, we will state sufficient conditions on the data aj,fejfc,r^^, and rL such that the sys- 
tem (1.1)-(1.3) has a Fredholm type solution behavior, i.e. that it is solvable if and only if the 
right hand side is orthogonal to all solutions to the corresponding homogeneous adjoint system 



-dtUj - dx {aj{x)uj) + ^ bkj{x)uk = 0, j = 1, . . . , n, x € (0, 1), 

fc=i 

Uj{x,t + 27r) = Uj{x,t), j = 1, . . . ,n, x € [0, 1], 

m 

aj{0)uj{0,t) = -^r^jafe(0)ufc(0,t), j = m + l,...,n, 



k=l 
n 



:i.4) 



aj{l)uj{l,t) = - ^ rljak{l)uk{l,t), j = l,...,m. 

k=m+l 

And second, we will state sufficient conditions on the data aj, bj^, r^^, and rk such that the sys- 
tem (1.1)~(1.3) is uniquely solvable for any right hand side, that this unique solvability property 
survives under small perturbations of the data, and that the corresponding data-to-solution- 
maps are smooth with respect to appropriate function space norms. For example, under those 
sufficient conditions the following is true: 

(I) If d{f G L2 ((0, 1) X (0, 27r); M") for j = 0, 1, then the map b ^ u is C°°-smooth from an 
open set in L°^ ((0, 1);M„) into L^ ((0, 1) x (0, 27r);IR"). 

(II) If d{f G L^ ((0, 1) X (0, 27r); R") for j = 0, 1, 2, then the map b ^ u is C°°-smooth from 
an open set in L°^ ((0, 1);M„) into C (fo, 1] x [0, 27r];IR"). 

(III) If d{f £ L^ ((0, 1) X (0, 27r); M") for j = 0, 1, . . . , A; with k > 2, then the map a ^ u is 
C'^^-'^-smooth (rsp. C'^~^-smooth) from an open subset oi BV ((0, 1); M„) into L^ ((0, 1) x (0, 27r); ] 
(rsp. C([0,l]x[0,2^];M«)). 

Here and in what follows we denote by 

a := diag(ai,...,a„), b := [6jfc]",fc=i,/ := (/i,--- ,fn), and u := (ui,...,u„) 

the diagonal matrix of the coefficient functions Uj, the matrix of the coefficient functions bj^, 
and the vectors of the right hand sides fj and the solutions Uj , respectively, and M„ is the space 
of all real n x n matrices. 

In order to formulate our results more precisely, let us introduce the following function spaces: 
For 7 > we denote by W^ the vector space of all locally integrable functions / : [0, 1] x M ^ M" 
such that f{x, t) = f {x,t + 2it) for almost all x G (0, 1) and t G M and that 



2 Y^n I „2^7 / / fW„ 4-\„-ist 



1 l-K 

dt 





1 ZTV 

^{l + s'rj j f{x,t)e 



dx < oo. (1-5) 



Here and in what follows || • || is the Hermitian norm in C". It is well-known (see, e.g., [2], [19, 
Chapter 5.10], and [21, Chapter 2.4]) that W^ is a Banach space with the norm (1.5). In fact, 
it is the anisotropic Sobolev space of all measurable functions u : [0, 1] x M — )■ M" such that 
u{x, t) = u{x,t + 2tt) for almost all x G (0, 1) and t G M and that the distributional partial 
derivatives of u with respect to t up to the order 7 are locally quadratically integrable. 

Further, for 7 > 1 and a G L°° ((0, 1); M„) with ess inf \aj\ > for all j = 1, . . . , n we will 

■wrnrlf 'writli thp fiinrtinn snarps 



endowed with the norms 



u 



uy(a) ■'- 



u 



1^7 + \\dtu + ad:i;u\\ly^ 



Remark that the space U^{a) depends on a. In particular, it is larger than the space of all 
u G W^ such that dtu £ W^ and dxU € W (which does not depend on a). For u £ U'^'{a) there 
exist traces u(0, •),u(l, •) G L^^^(M;M") (see Section 2), and, hence, it makes sense to consider 
the closed subspaces in U^{a) 



r 1 in m 

L' jk\j=m+l,k=l 



V^'{a,r) := {u G W{a) : (1.3) is fulfilled}, 
V^{a,r) := {u G U^{a) : (1.4) is fulfilled}. 

Here we use the notation 

r := {r',r') with r' := [r%]f^,^,^^^^, y 

for the matrices of the reflection coefficients r^^ and rL. Further, we denote by 

6° := diag(6ii,622,--- ,&nn) and b^:=h-lP 

the diagonal and the off-diagonal parts of the coefficient matrix 5, respectively. 

Further, we introduce operators A{a,lP) G C{V'^{a,r);W'^), A{a,lP) G C{V'^{a,r);W'^) and 
B{b^),B{b^) £C{W^) by 



A{a,b^)u 

B{b^)u 
B{b^)u 



dtu + adxU + Wu, 
—dtu — dx{au) + b^u, 
b^u, 
(bYu- 



Remark that the operators A{a, 6"), B{b^), and B{b^) are well-defined for aj, bjk G L°^(0, 1), while 
A{a, 6") is well-defined under additional regularity assumptions with respect to the coefficients 
ttj, for example, for aj G C*''"'^([0, 1]). Obviously, the operator equation 



Aia,b'^)u + Bib^)u = f 

is an abstract representation of the periodic-Dirichlet problem (1.1)-(1.3). 

Finally, for s G Z we introduce the following complex (n — m) x (n — m) matrices 



:i.6) 



where 



i?s(a,6°,r):= 



aj{x) :- 



y^gis(a,(l)-a,(l))+/3,(l)-A(l)^1^^0^ 



.1=1 



j,k=m+l 



aj{y) 



dy, f3j{x) :-- 



aj{y) 



dy. 



(1.7) 



(1.8) 



Our first result concerns an isomorphism property of A{a, b^): 
Theorem 1.1 For all c> there exists C > such that the following is true: If 
aj,bjj G L°°{0, 1) and ess inf \aj \ > c for all j = 1, . . . , n, 

n m n n m ^ 

and 



j=l j=l k=m+l j=m+l fe=l 

|det(/-i?s(a,6°,r))| > c for all s G Z, 



(1.9) 
(1.10) 

(1.11) 



fhpT) fnT nil ^ "> 1 ihp 



ifnr A( n hr\ i.Q nil i.Qnmnmhi.iim irnm \/'^ ( n r\ nnfn \A/^ n/nd 



Our second result concerns the Fredholm solvability of (1.6): 

Theorem 1.2 Suppose that conditions (1.9) and (1-11) are fulfilled for some c > 0. Suppose 
also that 

for all j y^ k there is Cjk G BV{0, 1) such that \ n 19^ 

ak{x)hjk{x) = Cjk{x){aj{x) - ak{x)) for a.a. x £ [0, 1]. J 

Then the following is true: 

(i) The operator A{a,lf') + Bih^) is a Fredholm operator with index zero from V^{a^r) into 
W^ for all J > 1, and 

kei{A{a, 6°) + B{b^)) := {u G V^{a, r) : {A{a, b'^) + B{b^)) u = 0} 

does not depend on 7. 

(ii) Suppose a G C°'^ ([0, 1];M„). Then 

{ {A{a, 6°) + B{b^)) u:u£ y^(a, r)} 

= ifeW^: {f,u)L2 =Oforallue'ker(A{a,b^) + B{b^))\, 

where 

ker(^(a, 6°) + B{b^)) := {u G V^{a, r) : (^A{a, 6°) + S(6^)) u = 0} 

does not depend on 7. 

Here we write 

2n 1 

(/' ^)l2 -=^11 (/(^' *)' ^(^' *)) dxdt (1.13) 



for the usual scalar product in the Hilbert space L^ ((0, 1) x (0, 27r);M"), and (•, •) denotes the 
Euclidean scalar product in M" (as well as the Hermitian scalar product in C"). 

The main tools of the proofs of Theorems 1.1 and 1.2 are separation of variables (cf. (3.3)- 
(3.4)), integral representation of the solutions of the corresponding boundary value problems of 
the ODE systems (cf. (3.10)), and an abstract criterion for Fredholmness (cf. Lemma 4.1). In 
the special case m = l,n = 2,ai{x) = 1, and 02(2;) = —1 Theorem 1.2 was proved in [9]. 

Our last results concern the solution behavior of (1.6) under small perturbations of the data 
a and b and under arbitrary perturbations of /. In order to describe this we use the following 
notation for the corresponding open balls (for e > 0): 

Ai;{a) := < a G BV ((0, 1);M„) : a = diag(ai, . . . , a„), max \\aj — a,||oo < e f ' 

5f(6):=|6GL°°((0,l);M„): max fbjk - bjk\\oo < e] , 

B,{b) := (b G B^{b) : bjk G BV{0, 1) for all 1 < j / A; < n| . 

The set B'^(b) is open in the Banach space L°°((0, 1); M„). The sets ^e(a) and B^{b) will be con- 
sidered as open sets in the (not complete) normed vector spaces {a G BV ((0, 1); M„) : a = diag(ai, . . . , cin)} 
and {b G L°°((0, 1); M„) : b,jk G -8^(0, 1) for all 1 < j / A; < n}, equipped with the correspond- 
ing L°°-norms. 

The solution behavior of (1.6) under small perturbations of b and / follows directly from 
Theorem 1.2 and the Implicit Function Theorem, because the map 



Corollary 1.3 Suppose (1.9), (1-11) for some O 0, (1.12), and 

dimker(^(a,6°) + S(6^)) =0. (1.15) 

Then there exists e > such that for all ^y > 1, b G B^{b), and f £ W^ there exists exactly one 
u G V'^{a, r) with A{a, iP)u + B{h^)u = f. Moreover, the map 

(b, f) € B'^ib) X VF^ ^ u G V^{a, r) 

is C°° -smooth. 

In particular, Corollary 1.3 implies assertion (I) above, and, because of the continuous em- 
bedding V'^{a,r) ^C{[0, 1] X [0,27r];IR") for 7 > 3/2 (see Lemma 2.2(iii)), also assertion (II). 

The solution behavior of (1.6) under small perturbations of a and r seems to be more 
complicated. Under those perturbations the function spaces V^lajr) change, in general. This 
makes them inappropriate. On the other hand, we don't know any Fredholmness results for the 
operator A{a,b^) + B{b^) besides that which is described in Theorem 1.2 and, hence, which is 
related to the choice of the function spaces V^^ajr) and W"'. 

Theorem 1.4 Suppose (1.15) and 

aj £ BViO,l),bjj £ L'^{0,1), andM\aj\>0 for all j = 1, . . . ,n, (1.16) 

bjk G BV{0, 1) and inf \aj - ak\ > for all 1 < j ^ k < n (1-17) 

and 

n rn 

j,k=m+l 1=1 

Then there exists e > such that for all j > 2, a £ Af,{a), b £ Bg{b), and f £ W^ there exists 
exactly one u £ V'^{a, r) with A{a, lP)u + B{b^)u = f. Moreover, the map 

{~a,b,f)£A,{a)xB,{b)xW^' 

^u£ W^-^~^ n C ([0, 1] X [0, 27r]; M") (1.19) 

is C^ -smooth for all nonnegative integers /c < 7 — 1. 

In particular, for /c = 7 — 1 (rsp. /c = 7 — 2) we get assertion (III) above. 

The present paper has been motivated mainly by two reasons: 

The first reason is that the Fredholm property of the linearization is a key for many local 
investigations for nonlinear equations, such as small periodic forcing of stationary solutions 
to nonlinear autonomous problems (see, e.g. [18]) or Hopf bifurcation (see, e.g. [7, 10]). In 
particular, those techniques are well established for nonlinear ODEs and nonlinear parabolic 
PDEs, but almost nothing is known if those techniques work for nonlinear dissipative hyperbolic 
PDEs. 

The second reason are applications to semiconductor laser dynamics [12, 16, 17]. Phenomena 
like Hopf bifurcation (describing the appearance of selfpulsations of lasers) and periodic forcing of 
stationary solutions (describing the modulation of stationary laser states by time periodic electric 
pumping) are essential for many applications of semiconductor laser devices in communication 
systems (see, e.g., [17]). 

Remark that our smoothness assumptions concerning Oj, bjk, and fj{-,t) are quite weak. 
This is important for the applications to laser dynamics. But it turns out that any stronger 
smoothness assumption with respect to the space variable x would not essentially improve our 
results and would not simplify the proofs. 

Rnundarv value nrnhlems for hvnerbnlic svstems of the tvne H JV (^./{) are also used for 



Our paper is organized as follows: In Subsection 1.2 we comment about sufficient conditions 
for the key assumptions (1.11), (1.12), (1.15), and (1.18) and about the question if those con- 
ditions as well as the assertions of Theorems 1.1 and 1.2 are stable under small perturbations 
of the data. In Section 2 we introduce the main properties of the function spaces, used in this 
paper. In Section 3 we prove Theorem 1.1, in Sections 4 and 5 we prove Theorem 1.2, and, 
finally, in Section 6 we prove Theorem 1.4. 

1.2 Some comments 

Remark 1.5 about small denominators: In Section 3 we show the following: If one con- 
siders system (1.1)-(1.3) with vanishing nondiagonal coefficients, i.e. with bjk = for j ^ k, and 
if one makes a Fourier series ansatz for the solution, one ends up with linear algebraic systems 
for the vector valued Fourier coefficients. The system for the Fourier coefficient of order s is 
uniquely solvable if and only if det(/ — i?s (a, 6'^,r)) 7^ 0. In this case det(/ — i?s(a, 6'^,r)) appears 
in the demoninator of the formula for the Fourier coefficient. The condition (1.11) implies that 
the denominators are uniformly bounded from below, thereby ensuring the convergence of the 
Fourier series. Using classical terminology, one can say that (1-11) allows us to avoid small 
denominators. 

Remark 1.6 about the case m = 1, n = 2: In the case m = l,n = 2 the matrix 
Rs{a,W,r) is the complex number 

Rsia,b^,r) = e-("2(i)-"i(i))+/^2(i)-/3i(i)riir?2. 
Hence, in this case condition (1.11) is equivalent to 

e&{l)-/3i(l)^1^^0^ ^ 1. 

This fact was proved in our paper [9]. For the cases n — m > 1 we don't know any s-independent 
equivalent of condition (1.11). 

Remark 1.7 about a sufficient condition for (1.11): Let us formulate, for general m 
and n, a sufficient condition for (1.11), in which the parameter s does not appear. Condition 
(1.11) is satisfied iff for all s € Z the matrix / — Rs{a, 6°, r) is invertible and the operator norm 
II (/ — Rs{a,b^,r))~^\\ is bounded uniformly in s G Z. For that it is sufficient to have 

\\Rs{a,b^,r)\\ < const < 1 for aU s € Z. (1.20) 

Here we can use any operator norm in M„_m, corresponding to any norm in M"^™. If we take 
the Euclidean norm in R"~™, then the corresponding operator norm in M„_m can be estimated 
by the Euclidean norm in M„_m- In other words: (1-20) and, hence, (1-11) are satisfied if, for 
example, condition (1.18) is satisfied. This can be interpreted as a kind of control on small 
denominators via parameters a, b^, and r. 

Example 1.8 about a correlated random walk model: In the case m = l,n = 2 the 
sufficient for (1.11) condition (1.20) reads as 

hV?2|exp/Y^-^')dx<l. (1.21) 

Jo \a2{x) ai{x)J 

Consider the following correlated random walk model for chemotaxis (chemosensitive movement, 
see [5, 20]), consisting of the hyperbolic system 

dtu+ + dxia+ix)u+) = -^+(a;)u+ + ^"(x)ti", 1 c (n i) 
dtu~ — dx {a" {x)u~) = — /i^(x)u^ + ^+(x)it"'", J V > 7 

:j-1_ a J. 1« 1 ] l;j.; 



Translating the new notation to the old one, we get 

ai = a"*", 02 = -a^, 611 = ^+ + dxO^ ■, 622 = fJ," - d^a 



and 



Therefore 



a-(0) , _ a+(l) 



12 — TTTTvT' '21 



a+(0)' "' a-(l) 



f'bnix), [^ fi+{x) + d,a+ix)^ a+(l) f' fJ^^{x) , 

exp / — ——ax = exp / — — ax = . . , exp / ax 

Jo CLi{x} Jq a+{x) a+(0) Jq a+{x) 



and analogously 



exp / ^^, dx = ^-— exp / dx. 

Jq a2{x) a (1) Jo a+{x) 



Hence, condition (1.21) is 



' ''^^("^ + ^ ) dx > 0. (1.22) 







a+(x) a (x) 



Remark 1.9 about small perturbations of the data in (1.11) and (1.18): Let us 

comment about the behavior of the assumption (1.11) and its sufficient condition (1.18) under 
small perturbations of the data. 

If condition (1.18) is satisfied for given data, then it remains to be satisfied under suffi- 
ciently small perturbations of the coefficients r^j^,r^j^ and under sufficiently small (in L°°{0, 1)) 
perturbations of the coefficient functions Uj and bjk- 

If condition (1.11) is satisfied, then it remains to be satisfied under sufficiently small pertur- 
bations of r^^,rL, and ftj^, but not under small perturbations of Oj, in general. In other words, 
(1.11) is not sufficient for (1.18). It may happen that there exist arbitrarily small perturbations 
of aj that destroy the validity of (1.11): 

For example, consider the case m = l,n = 2,ai(x) = a,a2(x) = —a, bjk{x) = for 
j, fe = 1, 2, r5'2 = 1)^2 1 = ~1- Then (1.11) reads as 



2is 



|1 + e~| > const > for all s € Z. (1.23) 

This is satisfied iff 

2/ + 1 

a = — with keZ audi eN. (1.24) 

KIT 

In this case the set of all values a such that condition (1.11) is satisfied, is dense in M, but the 
set of all values a such that (1.11) is not satisfied, is dense too. 

Remark 1.10 about Fredholmness of A.{a,b^) -\- B(b^)under small perturbations of 
the data: Let us comment about the behavior of the conclusions of Theorem 1.2, mainly the 
Fredholmness of the operator A{a, b^) + B{b^), under small perturbations of the data. 

Suppose that for given data a and b the assumptions of Theorem 1.2 are satisfied. Then, 
under sufficiently small perturbations of bjk in L°°{0, 1), independently whether (1.12) remains 
to be true or not, the Fredholmness of ^(0,6^^) survives because the map (1.14) is continuous 
and because the set of index zero Fredholm operators between two fixed Banach spaces is open. 

But if aj, r^i^, or rL are perturbed, then the function space V'^{a,r) is changed, in general, 
and it may happen that there exist arbitrarily small perturbations that destroy the Fredholmness: 

For example, consider again the case m = 1, n = 2, ai(x) = a, 02 (x) = —a, /(x) = 0, bjk{x) = 
for j,k = 1,2, r^2 — 15^21 ~ ~^- Then (1.11) reads as (1.23) which is equivalent to (1.24). 
Hence, by Theorem 1.2, if (1.24) is true, then A{a,b^) is Fredholm. Condition (1.24) and, hence, 
condition (1.23) is not satisfied, for example, if 



and in this case A{a,W) is not Fredholm because dimker^(a, ft'^) = oo: Indeed, we have 
iui,U2) G ker^(a,6°) iff 

dtui + adxUi = dtU2 — adxU2 = 0, x € [0, 1], t € M, (1-26) 

Uj{x,t + 2Tr) =Uj{x,t), j = 1,2, X £ [0,1], t £ R, (1.27) 

ui(0, t) = U2{0, t), U2{l,t) = -ui{l, t), t G R. (1.28) 

The solutions of (1.26) are of the type ui{x,t) = Ui{t — ^) and U2{x,t) = [/2 (i + f )• They 
satisfy (1-27) iff the functions Ui and U2 are 27r-periodic. From the boundary condition in x = 
follows Ui = U2, and, hence, the boundary condition in x = 1 reads as 

t;,(,_i)._C.(* + i)^ (1.29) 

Choosing Ui{y) = sin(ry), r G Z, and using (1.25), condition (1.29) transforms into 

.// 2p+l W . ( ( 2p+l 
sm { r { t vr = — sm I r I t -\ vr 

This is fulfilled, for example, for r = {2k + 1)*^ and any choice of A; G Z, i.e. we found infinitely 
many linearly independent solutions to (1.26)-(1.28). 

The set of all values a of the type (1-25) is dense in [0, 00). Hence, we get: In this case the 
set of all a > such that A{a, W) + B{b^) is Fredholm, is dense in [0, 00), but the set of all a > 
such that A{a, 6") + B{b^) is not Fredholm, is dense in [0, 00) too. 

Remark 1.11 about assumptions (1.12) and (1.17): Obviously, the condition (112) is 
not necessary for the conclusions of Theorem 1.2 because the conclusions of Theorem 1.2 survive 
under small (in L°^(0, 1)) perturbations of the coefficients bjk, but the assumption (1.12) does 
not, in general. 

The following example shows that Theorem 1.2 is not true, in general, if all its assumptions 
are fulfilled with the exception of (1.12): Take m = l,n = 2,ai(x) = a2(x) = l,5ii(x) = 
^12(2;) = ^22(2^) = fi{x,t) = /2(x,t) = 0,621 = b =const. Then (1.1)-(1.3) looks like 

dtUi + dxUi = dtU2 + dxU2 + bui = 0, 

ui{x,t + 2it) — ui{x,t) = U2{x,t + 2tt) — U2{x,t) = 0, 

ui{Q,t) - r'i^U2{Q,t) = U2{l,t) - rl^ui{l,t) = 0. 

If r^2^2i ^ ^ ^^^ b ^ 0, then all assumptions of Theorem 1.2 are fulfilled with the exception of 
(1.12). If, moreover, 

r^^r 21 - 1 



'12 

then 

ui{x,t) = sml{t — x), U2(x, t) = b I Q — J X ) sin/(t — x), Z G N, 

\1 - ri2r2i 



are infinitely many linearly independent solutions. Hence, the conclusion of Theorem 1.2 is not 
true. 

Finally, let us remark that, surprisingly, the assumption (1.12) is used also in quite another 
circumstances, for proving the spectrum-determined growth condition in L^-spaces [1, 13, 15] 
and in C-spaces [11] for semifiows generated by hyperbolic systems of the type (1.1), (1-3)- 

Remark 1.12 about sufficient conditions for (1.15): Similarly to [8], one can provide 
a wide range of sufficient conditions for (1.15). We here concentrate on the physically relevant 
case 



If (1.1)-(1.3) with / = is satisfied, then 



27r 



+2 



{u]{l,t)-u]{0,t)) dt 



j-2-K j-l I 

Jo Jo y ,^^ 



ik{x)ujUk dxdt. 



fl.31) 



Using the reflection boundary conditions, summing up separately the first m equations of (1-31) 
and the rest n — m equations of (1.31), and subtracting the second resulting equality from the 
first one, we get 



S=l j=m+l \k=l / 

n m / n \ \ 

j=m+l j=l \k=m+l J 

^ 1-2-K r^ I I 

" 1-2-K fl 1 / \ 



jk{x)ujUk dxdt 



dxdt = 0. 



(1.32) 



Applying Holder's inequality and assumption (1.30), we derive that 



/ E^'d'*)- E \Y.')kUu{iM \dt 

\i=l j=m+l \k=l / / 

(n m \ J^ m 

1- E Ei^l^iM nZ^'^ihifdiyo. 
j=m+lk=l J l j=l 



A similar estimate is true for the second boundary summand in (1.32) as well. Set 



Cjk(x) :-- 



bjkix) 



for 1 < j < m and Cjk{x) :- 



bjkjx) 
aAx) 



for m+ 1 < j < n. 



Then (1.30) together with 



j,k=l j=l 



(1.33) 



where the constant C > does not depend on ^ and x, is sufficient for (1.15). It is easily seen 
that estimate (1.33) is true if, for instance. 



ess inf 



""n 






ess inf { — — — N^ 

k^i 



aj 



bjk 


+ 


bjk 


aj 




ak 


hk 


+ 


bjk 


aj 




ak 



> for all j = 1, . . . , m, 



> for all j = m + 1, . . . ,n. 



Summarizing, we get: In order the main conditions (1-15) and (1-18) to be satisfied, it is 
sufficient that (1.30) is fulfilled as well as 

ess inf Uj > for j = 1, . . . ,m, 

ess sup aj < for j = m + 1, . . . , n, 

ess inf bjj > for j = 1, . . . , n, 

ess sup \bjk\ ~ for I < j ^ k < n. 

2 Some properties of the used function spaces 

In this section we formulate some properties of the function spaces W"', V"'{a,r), and U'^{a) 
introduced in Section 1. For each u G W' we have 

u{x, t) = y u'{x)e''* with u'{x) ■.= ^ I u{x, t)e-''* dt, (2.1) 

^-^ 2tt j 

sGZ q 

where u* G -^^((0; l)i C"), and the series in (2.1) converges to u in the complexification of W^. 
And vice versa: For any sequence (n*)^^^ with 

^^GL2((0,1);C"), u~^=1F, j;(l + s2)^||^^|li,((o^,).c„)<oo (2.2) 

sei. 

there exists exactly one u G W^ with (2.1). In what follows, we will identify functions u G W^ 
and sequences (w*)^^^ with (2.2) by means of (2.1), and we will keep for the functions and the 
sequences the notations u and (^t*)^^^, respectively. 

The following lemma gives a compactness criterion in W^ (see [9, Lemma 6]): 

Lemma 2.1 A set M C W' is precompact in W^ if and only if the following two conditions 
are satisfied: 

(i) There exists (7 > such that for all u ^ M it holds 



1 
J^(l + s2)T I \\u'{x)fdx<C. 



(a) For all e > there exists 6 > such that for all ^,t G (—6,6) and all u & M it holds 

sez Q 

where u^{x + ^) := for a; + ^ ^ [0, 1]. 

Concerning the spaces W^ia) we have the following result: 

Lemma 2.2 (i) The space U'^{a) is complete. 

(a) If 'J > 1, then for any x G [0, 1] there exists a continuous trace map u G U'^{a) i— )■ u{x, •) G 

L2((0,27r);M"). 

(Hi) If ^ > 3/2, then U^'{a) is continuously embedded into C([0, 1] x [0, 27r];]R"). 



Proof, {i) Let {u^)k&] be a fundamental sequence in U'^{a). Then (u^)fcgN and {dtu^ + 

k&i 



adxU^)k&% are fundamental sequences in W^ . This implies that {dtu^)k&i and, hence, {adxU^ 



are fundamental sequences in W^ ^. On the account of aj G L°^ (0, 1) and ess inf \aj\ > for 
all j = 1, . . . ,n, the latter entails that {dxu'^)k& is a fundamental sequence in W^'^ as well. 

T-i TT^-V :_ 1_j._ r _. J.1 :_j- -. ^ TT^-V 3 _. _.- ^ TTr^ — 1 1_ J-1 J. 



It is obvious that dtu = v and dxU = w in the sense of the generahzed derivatives: Take a 
smooth function f : (0, 1) x (0, 27r) -^ M" with compact support. Then 



2tt 1 2tt 1 

{u, dfif) dx dt = Hm {u ,dtip)dxdt 

k^ooj J 


27r 1 2tt 1 



= — hm / {dtu ' , if) dx dt = — / {v,ip) dxdt, 



and similarly for dxU and w. Hence dfU + adxU = v + aw in W'^~'^. Since {dtu'' + adxu'')keN is 
fundamental in W^', then dfU + aS^^u = f + atf in W^ as desired. 

Properties (ii) and (iii) can be proved similarly to [9, Lemma 8 and Remark 9]. D 

Now, let us consider the dual spaces (W^)* . 

Obviously, for any 7 > the spaces W^ are densely and continuously embedded into the 
Hilbert space L^ ((0, 1) x (0, 27r);IR"'). Hence, there is a canonical dense continuous embedding 

L2((0,1) X (0,27r);M") ^ {W^)* : [u,v]w-. = {u,v)l2 (2.3) 

for all u £ L^ ((0, 1) x (0, 27r);IR") and v G W^. Here [•, ■]wy ■ {W^T x VF^ ^ M is the dual 
pairing, and (•, •)^2 is the scalar product introduced in (1.13). 
Let us denote 

e,(t) :=e*''* for s eZ and t eM. (2.4) 

If a sequence {ip^)s£Z with ip^ € -^^((0, 1);^^) is given, then the pointwise products tp^Cs belong 
to L^ ((0,1) x (0,27r);C"'). Hence, they belong to the complexification of {W^)* (by means of 
the complexified version of (2.3)), and it makes sense to ask if the series 



E'^'e, (2.5) 



sez 
converges in the complexification of (W')* . Moreover, we have (see [9, Lemma 10]) 

Lemma 2.3 (i) For any 99 € {W"')* there exists a sequence {ip'^)s^z with 

^^GL2((0,1);C"), p-'=^, j;(l + s2)-^||(^^(x)||i2((o,i);c")<oo, (2.6) 

sez 

and the series (2.5) converges to ip in the complexification of (W^)* . Moreover, it holds 

1 

'2 



{p^{x),u{x)) dx = [if, ue^s\w-y V all s ^Z and u £ L^ ((0, 1); R") . (2.7) 



(ii) For any sequence {p^)sei with (2.6) the series (2.5) converges in the complexification 
of {W^y to some p G (W^)* , and (2.7) is satisfied. 

3 Isomorphism property (proof of Theorem 1.1) 

Let 7 > 1 and / G W^ be arbitrarily fixed. We have f{x,t) = ^ f^{x)e''^^ with 

sez 

1 

feL'{{0,l);Cn, Y.(^ + s^y f\\f%x)fdx<^. (3.1) 

sez -^ 

We have to show that, if (^ .Q). H .1 DV a.nd M .1 1 ^ hnld. then there exists exar.tlv one ?;, (= V^l (n,. r\ 



where the constant C does not depend on ^,a,W,u, and /, but only on the constant c, which 
was introduced in the assumptions of Theorem 1.1. But 

ll^illv^Ca.r) = \\u\\wt + \\dtu + ada:u\\w-i = \\u\\wt + 11/ " b'^u\\wi, 
hence we have to show that there exists exactly one u G V^lajv) with 



A{a,b )u = f and 11^111^7 < C||/| 



W'< 



(3.2) 



with a constant C, which does not depend on 7, a, 6'^,n, and /, but only on c. 

Writing u as series according to (2.1) and (2.2), it is easy to see that (3.2) is satisfied if for 
ah s G Z we have u' G H^ ((0, 1); C") and 



aj(x)— ii|(x) + {is + bjj{x)) n|(x) = /-{x), j = 1, . . . ,n, 



dx 



^ r°fcn|(0), j = l,...,m, 

k=m+l 
m 

^f]kUl{'^), j=m + l,.. 
k=l 



J2a + s^y f\u'j{x)\'dx<C\\f\\w'^, j = l,... 



n. 



(3.3) 



(3.4) 



(3.5) 



And vice versae: If (3.2) is satisfied, then we have u^ G H^ ((0,1); C") and (3.3)-(3.5). Indeed, 
take a smooth test function f : (0, 1) ^' M with compact support. Then we have 



1 fs 



fHx)ip{x) 



aj{x) 



1 



dx 



1 /.27r 



{dtUj{x, t) + aj{x)dxUj{x, t) + bjj{x)uj{x, t)) ip{x)e *** 



2vr JO JO 



Qj (x) 



-dtdx 



s. ^ /. ^ , {is + bjj{x))u'j{x)<f{x) 

u){x)(p [x) -\ -—^ I dx. 

\ aj{x) 



This implies u^- G H^ ((0, 1);C) and (3.3). After that it follows easily that also the boundary 
condtions (3.4) are fulfilled. 

Now we are going to show that there exists exactly one tuple of sequences {u^)sei-,j = 
1, . . . , n, with nj G H^ ((0, 1); C) satisfying (3.3)-(3.5). 

By means of the variation of constants formula, (3.3) is fulfilled if and only if 



n|(x) = e-^^°^-(^)-/^^(^) I uj(0) + / e'^'^^^y^+^^^y^-^dy \ , 



(3.6) 



where the functions Uj and (3j are defined in (1.8). The boundary conditions (3.4) are satisfied 
if and only if 

n 

^K0)= E r%um, j = l,...,m, (3.7) 

k=m+l 

and 



g-isa,(l)-/3,{l) I ^«(0)+ / e^*"^"(^)+'^^(^)^^^^ 



ajiy) 



dy 



Vrke-^""'=( 



i)-^^« \um)+ /e^-^(^)+^*(j')^(iy 1 , 



This is equivalent to (3.7), 



-isaj{l)-Pj(l) sj 



e-'"-^'^'-'^^'^'u-^{0)-Y^ Y^ e-^^"'=(i)-'^'=(iV];^r^pU;(0) 



fc=l p=m+l 

J aj{y) 



j = m + I, . . . ,n. (3.8) 

The system (3.8) has a unique solution (u^rn+ii^)' ■ ■ ■ 5^n(0)) i^ ^'^d only if its coefficient matrix 
/ — Rs{a,b^,r) (where Rs{a,b^,r) is introduced in (1.7)) is regular. If, moreover, assumptions 
(l.lO)-(l.ll) are satisfied, then there exist coefficients rf^ and a constant C such that 



^j 



(0) = ^cjfce-*^°'=W-'^'=« f e^'^^^y^+^^^y^^^^dy,j = m + l,...,n, (3.9) 



k=l 



and \c%\ < C uniformly with respect to a, b^ , r, and s G Z with (l.lO)-(l.ll). Hence, for each 
s G Z the boundary value problem (3.3)-(3.4) is uniquely solvable, and we have the integral 
representation (3.6) of the solution, where ti^(O) for 1 < j < m is given by (3.7) and for 
771 + 1 < J < n by (3.9). Putting this together, we get 



X 



^'j [y) 



+ y(i^fce-*^"'=«-^'=« fe''^'^^y^+'^'^^y^^^dy],j = l,...,n, (3.10) 

f:^ J ak{y) / 



fe=l 



with certain coefficients d^^ such that there exists a constant C (depending neither on / nor on 
a, b^, r, and s € Z satisfying (l.lO)-(l.ll)) with 

\d%\ < a (3.11) 

In addition, (3.10) and (3.11) imply that there exists a constant C (depending neither on / nor 
on a, 6", r, and s G Z satisfying (l.lO)-(l.ll)) such that 

1 
\u'jix)\<cj\\r{x)\\dx. (3.12) 


The estimate (3.5) now follows from (3.1). 

4 Fredholmness property (proof of Theorem 1.2) 

In Sections 4 and 5 we suppose the data a, b, and r to be fixed and to satisfy (1.11)-(1.12). 
Hence we will omit the arguments in the operators and the spaces: 

A := A{a,b^), B := B{b^), A := A{a,b^), B := B{b^), 

V^ — V^ia^r), V^ ■.= V^{a,r). 



Obviously, ^ + ^B is Fredholm from V^ into W^ if and only if / + BA^^ is Fredliolm from 
W^ into W^ . Here / is the identity in W . 

We will prove that / + BA~^ is Fredholm from W^ into W^ using the following abstract 
criterion for Fredholmness (see, e.g., [9, Lemma 11] and [22, Proposition 5.7.1]): 

Lemma 4.1 Let W be a Banach space, I the identity in W , and C € CiW) such that C^ is 
compact. Then I + C is Fredholm. 

In order to use Lemma 4.1 with W := W and C := BA^^ we have to show that {BA^^\ is 
compact from W'^' into W^ . For this purpose we will use Lemma 2.1. 

Condition {i) of Lemma 2.1 is satisfied because BA~^ is a bounded operator from W^ into 

It remains to check condition [ii) of Lemma 2.1. For this purpose we will use the integral 
representation (3.10) of ^^^: 

Take a bounded set N dW^ and f e N. Denote u := A'^f and u := {BA^'^Y f. Then 



Uj{x) 



Y, 6,fc(x)e-^^"'=(^)-^'=(^) ( / e*^"'=(^)+^'=(^)a, i(y) J] bM{y)uf{y) dy 
+ E dlie-^''^'^'^-^'^'') J e'^^^^y^+My)a-\y) ^ 6,,(y)<(y) dyj . 



'■^^ 

Therefore nj(x + Oe''^ - n|(x) = P/(x, t r) + Q%x, t r) + R'jix, with 



^is{^ak{x+0+r+ak{y))-l3k{x+0+l3kiy) 



y-a^^{y)hjk{x + Ohi{y)uf{y) dy, 



and 



Stix) := / e'''''^(y')-^''^(y^a^\y)Y,hi{y)uKy)dy 
'T^fc 

n „ 

+ Y.dlie~''-^'^'^-^^'^'^ J e'^^'^y'>+My)a~\y)Y^bUyK.{y)dy. (4.1) 



We have to show that 



E(i + s'y C (|/^^(x,e,r)|2 + ig,^(x,e,r)|2 + |i?|(x,e)H rf^ ^ 



for 1^1 + |r| ^ uniformly with respect to f £ N. 
Because of Au = / we have (3.12). This implies 



i9 , ^ ^^9ii ,.ii9 



where the constant C does not depend on j, ^, r, and /. Hence, the left hand side of (4.2) tends 
to zero for |^| — )■ uniformly with respect to f G N. 

In order to estimate Q%x,^,t) and i?^(a;,^), let us first estimate Sj{x). Again we use 
Au = f. From (3.3) it follows 



d V^"^.fa)^^(^)) - c'sady) ftiy) - bii{y)ut{y) ^ 



dy 



ai{y) 



Using this, we get 



ak{y)ai{y) 



dy \ / dy \ 

Jsa,(y) ftiy)-bll{y)ut{y) _ d_ Usa,{y)^s,s\ 

ai{y) dy\ ' / ' 



Therefore 



..fe)+&{j/)M^^-(y) = e^"^^^ ai{y)bki{y) 

sa,{y) fl{y)-hl{y)ut{y) _ d_ f isa,(y)s 



ai{y) dy 



Moreover, because of assumption (1.12), for all k ^ I the function 



^ut{y) 



ye[o,i]^e'^^(-)4MMy) 

ai[y) -ak[y) 



is in 5y (0,1). Hence, 



,&fa) (^liv)bkl{y) d (^^sa,{y) 

ai{y) - ak{y) dy 



>ul{y)) dy 



^ "-^ II "■; lloo) 



(4.3) 



(4.4) 



the constant C being independent of x,k,l,s, and u. Therefore, (3.12) and (4.3) imply 

1 







e^sa,(y)+My)bl^utiy)dy 
ak{y) 



< 



c 



l + \s\ 



\\ny)\\dy 



(4.5) 







for some constant C being independent of x,k,l,s, and /. Similar estimates are true for all 
other integrals in (4.1). As a consequence. 



C 



I^|WI<1M. 



wrmdy, 



(4.6) 



where C does not depend on x,j,s, and /. This gives 



/ \Q%x,tr)\Ux 
Jo 



C 



(■st„.\\\2 



{yWdy, 



1 + |s| k=l,...,n jQ 

where C does not depend on x,^,T,j,s, and /. But assumption (1.9) and notation (1.8) imply 



hence 



^(1+^2)7 f'mx,c,T)\^dx<cie+T^)\\ffw,, (4.7) 

where the constants, again, do not depend on j, k, ^, r, and /. Hence, the left hand side of (4.7) 
tends to zero for |^| + |r| — > uniformly with respect to f (z N. 
Finally, (4.6) gives 

Y,i^ + s^y C\Wj{x,o?dx 

1 

<C max /"|6jfc(x + e)e-'^'=(^+«) -6jfc(x)e-^'=(^)|2dx||/||^^, (4.8) 



k=l,...,n 



where the constant C does not depend on j,S,,T, and /. Hence, the left hand side of (4.8) tends 
to zero for |^| ^ uniformly with respect to f G N because of the continuity in the mean of 
the functions x i-^ bjk{x)e~^'=^^' . 



5 Fredholm alternative (still proof of Theorem 1.2) 

To finish the proof of the assertion (i) of Theorem 1.2, it remains to show that the index of the 
operator I + BA~^ is zero. This is a straightforward consequence of Lemma 4.1 and a homotopy 
argument: Since (BA""^) € C{W"') is a compact operator, the operators (^sBA~^) G C{W'^) 
are compact for any s E M as well. By Lemma 4.1, the operators / + sBA""^ are Fredholm. 
Furthermore, they depend continuously on s. Since / has index zero, the homotopy argument 
gives the same property for the operator / + sBA^^ for any s G M, in particular, for s = 1. 
Assertion (i) is thereby proved. 

Summarizing, we proved the Fredholm alternative for A + B G ClV^ , W^). Hence, we have 

dimker(^ + ;B) = dimker(^ + S)* < oo, 1 , . 

im(^ + B) = {f eW^ : [if, f]wy = for aU ip G ker(^ + -8)*}. J ^ ' 

Here {A + B)* is the dual operator to A + B, i.e. a linear bounded operator from (W^)* into 
{V^y, and [•, -IvK^ : {W^Y xW^ ^Ris the dual pairing in W^. 

To prove assertion (ii) of Theorem 1.2, we have to prove something slightly different, namely, 
that 

im(^ + B) = {f eW^ : (/, u)l2 = for aU u G ker(^ + B)} 

and that ker(^ + B) and ker(^ + B) do not depend on 7. Here (•, •)j^2 is the scalar product in 
W^ = L2 ((0, 1) X (0,27r) ;E") introduced in (1.13). 

Directly from the definitions of the operators A, A, B, and B it follows 

{{A + B)u, u)l2 = {u, {A + B)u)l2 for all n G F^ and n G F^. (5.2) 

Using the continuous dense embedding (cf. (2.3)) V'^ "^t- W^ ^^ W^ "^t- [W^Y , it makes sense 
to compare the subspaces ker(^ + BY of {W^Y ^^^ ker(^ + B) of V'': 

Lemma 5.1 ker(^ + BY = ker(^ + B). 

Proof. Because of (2.3) and (5.2), we have for all u G V"' and u G V"' that 

{{A + B)u, u)l2 = {u, {A + B)u)l2 = [u, {A + B)u]y^,^ = [{A + BYu, u]^., . 

This imnlies kerfJ^ -\- B) C ker(A + BY. 



Now, take an arbitrary 99 € ker(^ + B)* and show that (p € ker(^ + B). By Lemma 2.3, we 
have (using notation (2.4)) 95 = ^ (p'^Cg with 



s& 



ip^ e L' ((0, 1); C") , ^^(1 + s')-^ lb^(:r)||i.((o^,)^c") < o^- 



se2 
It follows that for all u € V^ 



= [(^ + S) V, n]^^, = [(/., (^ + 6)n]^^, 
1 

= ^ / / 99'*, a(x)— u"'" - isu~* + 6(x)'^n~* ) dx. 



Therefore 

1 

y?'", a(x)--u"'' - isn""* + b(x)'^u^'' ) dx = 
ax I 

for ah w" € i^^ ((0, 1);C") with (3.4). Since a € C°'^ ([0, 1];M„), by a standard argument, we 
conclude that (/?* G //^ ((0, 1); C") and that it satisfies the differential equation 

-a{x)^^' + (-is + h{xf - ^a{x)\ v?" = (5.3) 

dx \ dx J 

and the boundary conditions 

m 

a,(0)v9|(0) = - J]r0^.afe(0)v9|(0), m + 1 < j < n. 



fc=i 

n 



a,(l)(^|(l) = - ^ ri^.afc(l)v9|(l), 1 < j < m. 

A;=m,+1 



> (5.4) 



In other words: The functions (p^{x)e^^'' belong to ker(^ + B) and, hence, to ker(^ + B)*. But 
they are linearly independent, and dimker(.A + S)* < 00, hence there is sq ^ N such that (p'^ = 
for |s| > So- Therefore, (p G V^ for all 7 > 1 and (A + B)ip = as desired. D 

As it follows from the proof of Lemma 5.1, 

ker(^ + B) = < ^ v^^e^ v?* solves (5.3), (5.4) 

\\s\<so 

does not depend on 7. By (5.1), ker(^ + ;B) does not depend on 7 as well. Claim (ii) of Theorem 
1.2 follows. 

6 C -smoothness of the data-to-solution map (proof of Theo- 
rem 1.4) 

In this section we prove Theorem 1.4. Hence, we suppose the assumptions of Theorem 1.4 to be 
satisfied, i.e. the data a,b, and r, which satisfy (1.15)-(1.18), are given and fixed. 

Recall that in Theorem 1.4 the sets ^^(a) and B^{h) are the open balls around a and h of 
radius e in the (not complete) normed vector spaces 

A := {a = diag(ai, . . . , a„) G i3F((0, 1);M„)} with ||aj|A := max ||aj||oo 

l<j<n 



respectively. 

Because the assumptions of Theorem 1.4 are satisfied, there exists e > such that for aU 
a € A and 6 € B with 

||a-a||A+ ||fo-fc||B < e (6.2) 

the assumptions of Theorem 1.2 are satisfied. Therefore, for those a and b the operators 
A{d, iP) + B{r) are Fredholm of index zero from V'^{d, r) into W^ for all 7 > 2. 

Moreover, all a = diag(ai, . . . , a„) and b G L°°((0, 1); M„) with (6.2) fulfill the assumptions of 
Theorem 1.1. Hence, for those a and b and for all 7 > 1 the operator A{d, b^) is an isomorphism 
from V'ldjr) onto W^ and 

II 4^~ IO\-ll, 

\C{W^;V^{d,r)) 



\\Aa,b^r^\\c(W-':V^(a,r))<C, (6.3) 



where the constant C > does not depend on a, b, and 7, but only on e. 
For the sake of shortness, write C := C ([0, 1] x [0, 27r]; M"). 

Lemma 6.1 For all j > 2 the map {d,b^) 1— ?• A{uj,d,b^)^^ is locally Lipschitz continuous as a 
map from a subset o/L°°((0, 1);M„) x L~((0, 1);M„) into C{W'^;W^-'^ DC). 

Proof. Take a', a" « a and b', b" « 6° in L°°((0, 1); M„), 7 > 2, / G PT^, u' £ V^{a', r), and 
u" £ V^ia'^r) such that 

A{a,b')u' = A{a",b")u" = f. 

Then (6.3) and Lemma 2.2(iii) yield that there exists a constant c > such that 

c\\dtu'\\w^-i < c\\u'\\wync < \\u' \\v-f (a' ,r) < C'll/lliy^ (6.4) 

and 

c min essinf [a' (x)! ||i9a;u'||vK7-i < c ||a'5a;n'l|„, 1 

l<j<n -^ "^ 

< c \\dtu' + a'dxu'\\^^_^ + c\\dtu'\\wj-i 

<c\\u'\\v-,ia',r) + C\\f\\w'^<C{c+l)\\f\\wf, (6.5) 

where the constant C > is the same as in (6.3) and is independent of j,a',a",b', and b" . 
Moreover, we have 

A{a", b"){u" - u') = {A{a", b") - A{a" , b")) u' 

+ {A{a, b") - A{a\ b")) u' + {A{a, b') - A{a' , b")) u' 

= {a' - a") d^u' + {b' - b") u'. 

This is a well-defined equation in W^^, and (6.3), (6.4), and (6.5) yield 

\\u - u ||i4/7-inc 

< C ( max ||a" - a'Joo + max ||6"- - 6'Joo I ||/||ty^, 

\l<j<n ■' ■' l<j<n ■'■' ■'■' J 

with a new constant C being independent of 7, a', a", 6', b" , again. D 

Lemma 6.2 There exists e > with the following property: 

For each 7 > 2 there exists C > such that for all a € ^e(a), and b £ Bf.{b) the operator 
A{d.,b^) + B(b^) is an isomorphism from V'^{d,r) onto W^ and 



A{d,b°) + B{b^ ^ 



< C. (6.6) 

C{W^;V'f{d,r)) 



Proof. As mentioned above, there exists e > such that for all a € Ae(a), and b G B^(b) 
the operator A{d, r) + B{b^) is Fredholm of index zero from ^{5,, r) into W^. 

Let us show that e can be chosen so small that for all a G ^^(a), and b € Bf,{b) the operator 
A{a,lP) + B{b^) is injective (and, hence, bijective). 

Suppose the contrary. Then there exist sequences a^ ^ a in L°^((0, 1);M„), /?fc — > 6 in 
L°^((0, 1);M„), and Vk G V^{ak,r) such that 

{A{ak, Pi) + B{Pl))vk = and Vk / 0. (6.7) 

Set Wk := ^(ajfc,/3^)fjfc. Then there is fco G N such that for all k > ko 

{I + B{pl)A{ak,Plr')wk = 0. (6.8) 

Hence 

Wk = {B{bi)A{ak,f^l)-'fwk, 

and, consequently. 



= j^^ = {B{b')A{a,b'r'f zk 

+ [{B{l3l)A{ak,Pl)-'f - {B{b')A{a,b^)-')') Zk- (6.9) 



Because the operator {B{b^)A{a,b^) ^) is compact from W^ into W^ , it is also compact from 
W"* into W^'^ . Hence there exist z G W"'^'^ and a subsequence z^, such that (;B(6^)^(a, &'^)^"'^) ^fc; 
z in W^^^ . Therefore Lemma 6.1 and (6.9) yield that Zki ^ z in W^^^ , and Lemma 6.1 and 
(6.8) yield that 

(/ + B{b^)A{a, b^y^)z = in W^~^. 

Hence z belongs to ker (/ + ^(6^)^(a, 6'')^^). Since ||^;|lvi^7 = 1, we get a contradiction to 
assumption (1.15). 

It remains to prove (6.6). Suppose the contrary, i.e. that for any choice of e (6.6) is not 
true. Then there exist sequences q^ — ?• a in L°°((0, 1);M„), /3fc ^ 6 in L°°((0, 1);M„), and 
Vk G y'(afc,r) such that 

{A{ak,fik) + B{/3l))vk ^ in W"' as k ^ oo and ||i'fc||y7(aj^,r) = 1- (6.10) 

Now we proceed as above, replacing (6.7) by (6.10), to get a contradiction. D 

Similarly to Lemma 6.1 one can prove 

Lemma 6.3 For all ^ > 2 the map 

(a, 6) G^e(a) xBs{b) ^ (A{d,b^) + Bib^))'^ e CiW^;W^-^ nC) 
is locally Lipschitz continuous. 

Let us introduce the data-to-solution map 

(a, 6,/) e Ma) X B,{b) y< W^ 

^ u (a, 6, /) := (^(a, 6°) + ^(6^)) "' / G V\d, r). (6.11) 

Lemma 6.4 The map u is C^-smooth as a map into W^"^ n C for all 7 > 3. 

Proof. We have to show that all partial derivatives dait, dfjit, and dfU exist and are contin- 
uous. 

First, consider dfU. From the definition (6.11) follows that it exists and that 



The continuity of the map 

' a, b, f) £ Ae{a) x Be{b) x W^ ^ dju (a, b, f) G £(VF^; W^'^ n C) 



fohows from Lemma 6.3. 

Now, consider dfjU. From Corollary 1.3 follows that it exists, and (6.11) yields 



dbu (a, bj)b = - (A{a, &°) + B{b^ 



-1 



Moreover, we have 



( (dbA{a, W)b + B'{b^)b^ [A{a, W) + B{b^)'j f. 
dbA{a, b^)b) u = Wu and {B'{b^)b) u = b^u. 



(6.12) 



Hence, dhA{a, W) and B'{b^) do not depend on a, and b. Therefore, again Lemma 6.3 yields the 
continuity of the map (a, b, A G Ae{a) x Be{b) x W^ ^ d^u (a, b, A G C{M; W^'^ fl C). 

Further, consider daU- If daii (d,b,f] exists as an element of the space C{A; W^^nC), then 
for any a G BV{{0, 1),M„) we have 



A{d,b^) + B{b^)] daU (d,b,fja = —adxU (d,b,f 
-- dd'^ (dtu (d, b, A + b^u (a, b,A - f 



(6.13) 

The right hand side belongs to W^^^ClC, hence this equation determines uniquely the candidate 
V (a, b, f)d:=- (^(a, 6°) + B(b^)) "' {daA{d, 6°)a) u (a, b, /) 



for daU id,b,f] in £(A; W^ ^ nC). Moreover, because of Lemma 6.3 the candidate v for daU is 

continuous as a map from ^^(a) x Bf,(b) x W into the space £(A; W'^~'^ (1 C). 

It remains to prove that i) is really daU. In order to show this, take a', a" G ^^(a), 6 G Bg{b), 
7 > 2, / G W"/, u' G V^ia^r), and u" G V"'{a",r) such that 

A{a', W) + B{b^)] u' = {A{a", W) + B{b^)] u" = /. 



Then 

{A{a", 6°) + ^(fti)) [u" -v! - t)(a', b^){o!' - a')) 

= (^(a', W) - A{o!\ 6°)) ?)(a', 5°) (a" - a') 
= -(a"-a')29^i)(a',6°). 

Here we used that the map ^(-,6) is affine. Hence 

^^(a", W) + S(6i)) (n" - n' - ^(a', 6°)(a" - a')) 



iy^-2nc 



and Lemma 6.2 yields 



n"-u'-^(a',5")(a"-a') 



H/^-2nc 



o a — a\ 



(ll«"-«'IL) 



D 



Lemma 6.5 The map u is C -smooth as a map into W^ "^ r\C for all I < k < ^ — 1. 
Proof. For k = 1 the lemma is true, and the first partial derivatives satisfy 

dfu(^d,bj)f = u[d,bj), (6.14) 

dbu(d,b,f]b = -u\d,b,B UL(d,b,f] ,b]] , (6.15) 

dau[a,b,fjd = -u(^d,b,A[a,b,f,u[a,b,fjjdj. (6.16) 



Here we denoted hy Aid, b, f,u] : A ^ W^ ^ the linear bounded operator which is defined by 
(cf.(6.13)) 

A(d,b,f,u]d:= dd~^ ( dtu + b^u — f] , 



and B : W^ x B — ?• W^ is the bilinear bounded operator which is defined by (cf. (6.12)) 

B{u, b) := bu. 
Obviously, the map 

(d, b,f,u) G M X Asia) X Be{b) x W"/ x W^ 
^ A (d, b, /, u) £ C{A; W^~^ n C) 



is C°°-smooth. Hence, (6.14)-(6.16), Lemma 6.4 and the chain rule imply that the data-to- 
solution map u is C^-smooth, and one gets corresponding formulae for the second partial deriva- 
tives by differentiating the identities (6.14)-(6.16). For example, it holds 

dju(d,b,f) =0, 

dfdbu (d, 6, fj (/, b) 

= dbU [d, b,fjb= -u [d, b, B [u [d, b, fj ,bjj , 

dfdau (d, b, fj (/, a) 

= daU [d, b,fjd = -u \^d, b, A [d, b, /, u \^d, b, fjjdj. 

If 7 > 4, then those formulae and the chain rule imply that all second partial derivatives of u 
are C-'^-smooth etc. D 
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